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<� G��Jh^bhgh\��B� :��Kbah\�B>=�J:G�

>bgZfbdZ�f_^e_ggh]h�hiheagy

F_^e_gguc�fZkkhi_j_ghk�ih�kdehgZf�\uau\Z_l�ehdZevgu_�gZijy`_gby�\

ih\_joghklguo�kehyo��\_ebqbgZ�dhlhjuo�^hklZlhqgZ�^ey�jZajmr_gby�]hjguo�ihjh^�b

bgbpbbjh\Zgby�[ukljuo�ih^\b`_d�fZkk�ih�kdehgm�

Dexq_\uf�\hijhkhf�f_^e_gghc�^bgZfbdb�y\ey_lky�aZ\bkbfhklv�kbeu�lj_gby�hl

kdhjhklb�

<�klZlv_�ij_^eh`_gZ�nbabq_kdZy�fh^_ev�lj_gby�b�ihemq_gh�mjZ\g_gb_�^\b`_gby

^ey�ih\_joghklgh]h�kehy�gZ�kdehg_�

���Nbabq_kdZy�fh^_ev�lj_gby�

>\b`_gb_� ]hjguo� fZkk� ih� kdehgm� hlebqZ_lky� [hevrbf

jZaghh[jZab_f�� Hkh[h]h� \gbfZgby� aZkem`b\Zxl� f_^e_ggu_� kf_s_gby

ih\_joghklguo�keh_\�\�i_jbh^�ih^]hlh\db�[ukljuo�k[jhkh\�[hevrbo�fZkk

]hjghc�ihjh^u��GZ[ex^_gby� aZ�f_^e_ggufb�^\b`_gbyfb�fh]ml� kem`blv

hkgh\hc� ijh]ghaZ� jZa\blby� jZajmrbl_evguo� ijhp_kkh\� gZ� kdehgZo� ]hj

�hiheagb��eZ\bgu��

Ijb� f_^e_gghf� ^\b`_gbb� \_jogbo� keh_\� gZ� kdehg_� k^\b]Zxsb_

]jZ\blZpbhggu_� kbeu� mjZ\gh\_r_gu� kbeZfb� kp_ie_gby� \� hkgh\Zgbb

keh_\��Ijb�ihkljh_gbb�ko_f�jZ\gh\_kby�kbe�gZ�kdehg_�qZklh�bkihevam_lky

kbeZ�lj_gby�

Wfibjbq_kdbc� aZdhg� lj_gby� DmehgZ� ml\_j`^Z_l�� kbeZ� lj_gby� ijb

kdhev`_gbb�l_eZ�ih�`_kldhc�]eZ^dhc�ih\_joghklb�ijhihjpbhgZevgZ�kbe_�

ijb`bfZxs_c�l_eh�d�ih\_joghklb��b�g_�aZ\bkbl�hl�iehsZ^b�kdhev`_gby�

IjhklhlZ�b�m^h[kl\h�ihevah\Zgby�wlhc�nhjfmehc�\�f_oZgbd_�h[t_dlb\gh

lhjfhabeZ�bkke_^h\Zgby�kmoh]h�lj_gby�

Hlkmlkl\b_�mdZaZgbc�gZ� aZ\bkbfhklv� kbeu�hl� kdhjhklb� kdhev`_gby

fh`gh� h[tykgblv� kjZ\gbl_evgh� g_[hevrbf� ^bZiZahghf� baf_g_gby

kdhjhkl_c� kdhev`_gby� \� wdki_jbf_glZo�� qlh� [u\Z_l� k\yaZgh� k
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f_lh^bq_kdbfb� ljm^ghklyfb��Qlh[u� \uclb� aZ� jZfdb� wlhc� aZf_qZl_evghc

wfibjbq_kdhc�nhjfmeu�\hkihevam_fky�ke_^mxs_c�fh^_evx�

;m^_f� kqblZlv�� qlh� l\_j^h_� l_eh�� e_`Zs__� gZ� `_kldhc� ]eZ^dhc

iehkdhklb��bf__l�g_[hevrmx�iehsZ^v�kbeh\uo�dhglZdlh\��ih�kjZ\g_gbx�k

ihdju\Z_fhc�wlbf�l_ehf�ih\_joghklvx���H[hagZqbf�iehsZ^v�dhglZdlh\�V�

Z� hlghr_gb_� __� d� ihdju\Z_fhc� ih\_joghklbV�� Ihke_^gyy� \_ebqbgZ

aZ\bkbl� hl� g_jh\ghkl_c� ih\_joghklb� l_eZ�� e_`Zs_]h� gZ� `_kldhc

iehkdhklb�

IehsZ^v�dhglZdlh\�^he`gZ�aZ\bk_lv�hl�kbeu��ijb`bfZxs_c�l_eh�d

`_kldhc�iehkdhklb�

;m^_f�kqblZlv��qlh�dhglZdlu�fgh]hqbke_ggu��Z�iehsZ^v�hl^_evgh]h

dhglZdlZ�khklZ\ey_l�fZemx�^hex�h[s_c�dhglZdlghc�iehsZ^b�l_eZ��<�wlhf

kemqZ_�fh`gh� iheZ]Zlv�� qlh� gZijy`_gby� gZ� \k_o� dhglZdlZo� h^bgZdh\u� b

jZ\gu�ijhqghklb�fZl_jbZeZ�l_eZ�gZ�k`Zlb_� ∗σ .

M\_ebq_gb_� ijb`bfZxs_c� l_eh� kbeu� F� \_^_l� d� m\_ebq_gbx

dhglZdlghc�iehsZ^b F=sσ* ��Wlh�fh`_l�[ulv�ke_^kl\b_f�dZd�jZkrbj_gby

iehsZ^b�dhglZdlZ��lZd�b�m\_ebq_gby�bo�qbkeZ�

Kdhev`_gb_� l_eZ� ih� `_kldhc� iehsZ^b� [m^_l� khijh\h`^Zlvky

bklbjZgb_f��l�_��jZajmr_gb_f�fZl_jbZeZ�l_eZ�\�hdj_klghklb�dhglZdlZ�b�gZ

_]h� iehsZ^b�� Ohly� wlhl� ijhp_kk� fh`_l� kbevgh� hlebqZlvky� ^ey� jZaguo

fZl_jbZeh\�� kbeZ� khijhlb\e_gby�T�[m^_l�ijhihjpbhgZevgZ�ijhqghklb�gZ

k^\b]�τ* �b�iehsZ^b�dhglZdlh\�T=ksτ*.

BkdexqZy� iehsZ^v� dhglZdlh\� ba� ^\mo� ijb\_^_gguo� nhjfme�

ihemqbf�

F
k

T ∗

∗

=
σ
τ
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<hkijhba\_^y� aZdhg� dmehgh\kdh]h� lj_gby� gZ� fh^_eb�� fh`gh

h[km^blv� baf_g_gb_� dhwnnbpb_glZ� ijhihjpbhgZevghklb� ∗

∗

σ
τ

N  c    

m\_ebq_gb_f� jZaf_jZ� l_eZ� b� kdhjhklb� kdhev`_gby�� LZd� ih� f_j_

\hajZklZgby� ijb`bfZxs_c� kbeu� F� iehsZ^v� dhglZdlh\� fh`_l

ijb[ebablvky� d� iehsZ^b� l_eZ�  s≈�� b� lh]^Z� hgZ� m`_� g_� [m^_l� ebg_cgh

\hajZklZlv� k� ijb`bfghc� kbehc�� Ke_^kl\b_f� wlh]h� [m^_l� g_aZ\bkbfhklv

kbeu� lj_gby� T hl F�� AZf_lbf�� qlh� ih^h[gh_� fh`_l� ijhbahclb� b� \

j_amevlZl_�ihy\e_gby�`b^dhc�nZau� �kfZadb��gZ�dhglZdlghc�ih\_joghklb�

AZf_^e_gb_� jhklZ� dhglZdlghc� iehsZ^b� k� m\_ebq_gb_f� lhesbgu

kdhevays_]h� kehy�� dh]^Z�  s� ijb[eb`Z_lky� d� _^bgbp_�� fh`_l

bklhedh\u\Zlvky�dZd� kgb`_gb_� kbeu� lj_gby� k� m\_ebq_gb_f� jZaf_jZ� l_eZ

�fZkrlZ[guc� wnn_dl���<ebygb_� kdhjhklb� kdhev`_gby� gZ� \_ebqbgm� kbeu

khijhlb\e_gby� wlhfm� ^\b`_gbx� gZ� dhglZdlZo� k� `_kldhc� ih\_joghklvx

fh`_l�bf_lv�jZaebqgmx�ijbjh^m

Ijb�[hevrbo� kdhjhklyo – wlh�ijhy\e_gb_�bg_jpbb�� \aZbfh^_ckl\b_

qZkl_c�l_eZ��Ijb�gbadbo�kdhjhklyo�±�wlh�j_eZdkZpbb�gZijy`_gbc�k^\b]Z�\

fZl_jbZe_� l_eZ�� <� ijhf_`mlhqghc� h[eZklb� ijhqghklv� fZl_jbZeZ

ijbgbfZ_lky� dhgklZglhc�� b� mjZ\g_gb_� jZ\gh\_kby� ^_ckl\mxsbo� kbe

ihwlhfm�g_�kh^_j`bl�\j_f_gb�

HklZ\bf� ihdZ� [_a� \gbfZgby� mq_l� mijm]bo� \hegh\uo� ^\b`_gbc� b

jZkkfhljbf�^bgZfbdm�f_^e_gguo�^\b`_gbc��Ij_`^_�\k_]h�gZihfgbf��qlh

kbeZ� lj_gby� ijhy\ey_l� k_[y� ijb� kdhev`_gbb� b� � jZ\gZ� gmex�� _keb

i_j_f_s_gb_� ih� ih\_joghklb� hlkmlkl\m_l�� LZd� l_eh�� ihf_s_ggh_� gZ

gZdehggmx�iehkdhklv�b�e_`Zs__�gZ�g_c�g_ih^\b`gh��lj_[m_l�^ey� k\h_]h

jZ\gh\_kby�\dexq_gby�kbe�lj_gby��H^gZdh�kbeZ�lj_gby�\hagbdZ_l�lhevdh�\

^\b`_gbb�� Z� agZqbl� l_eh� gZ� gZdehgghc� iehkdhklb� ^he`gh�� ohly� b

f_^e_ggh�� gh� ihealb�� Hlf_lbf�� qlh� \hafh`gu_� �aZp_iu�� aZ� g_jh\ghklb
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ih\_joghklb�a^_kv�g_�ijbgbfZxlky�\h�\gbfZgb_�dZd�qm`_jh^gu_�lj_gbx

ijhp_kku�

I_j_f_s_gb_� ih� gZdehgghc� iehkdhklb� l_eZ� fh`_l� ijhbkoh^blv� b

[_a� jZajmr_gby� fZl_jbZeZ� \[ebab� hl^_evguo� dhglZdlh\� \ke_^kl\b_

j_eZdkZpbb� k^\b]h\h]h� gZijy`_gby� \� fZl_jbZe_� l_eZ�� Ijb� wlhf

khijhlb\e_gb_�kdhev`_gbx�[m^_l�j_amevlZlhf�^bgZfbq_kdh]h�jZ\gh\_kby

^\mo� ijhp_kkh\�� gZjZklZgby� gZijy`_gby� ijhihjpbhgZevgh� kdhjhklb

k^\b]Z� b� j_eZdkZpbb� _]h� kh� kdhjhklvx�� dhlhjZy� y\ey_lky� dhgklZglhc�

>bgZfbdZ� wlh]h� jZ\gh\_kby� jZkkfhlj_gZ�� hibjZykv� gZ� fh^_ev� l\_j^h]h

l_eZ�k�g_h^ghjh^ghklyfb �\�klZlv_�>�@�

Ijb\_^_f�hkgh\ghc�j_amevlZl�wlh]h�bkke_^h\Zgby�^ey�]hjguo�ihjh^�

<�kdhevays_f�ih�`_kldhc�ih\_joghklb�l_e_�\hagbdZ_l�ih]jZgbqguc�kehc�

hij_^_eyxsbc� kbem� k^\b]Z� gZ� dhglZdlghc� ih\_joghklb�� WlZ� kbeZ

ijhihjpbhgZevgZ� kdhjhklb� kdhev`_gby� b� g_� aZ\bkbl� hl� lhesbgu

ih]jZgbqgh]h� kehy�� Ijb� kdhjhklb� kdhev`_gby� V *
 �� kf�]h^� \� h[t_f_

ih]jZgbqgh]h� kehy� \hagbdZxl� lj_sbgu�� b� ijhbkoh^bl� ^_abgl_]jZpby

fZl_jbZeZ�� K� l_q_gb_f� \j_f_gb� ahgZ� gZjmr_gby� kiehrghklb� fZl_jbZeZ

km`Z_lky� b� h[jZam_l� ih\_joghklv� kdhev`_gby� b� gZqbgZ_l� ^_ckl\h\Zlv

aZdhg�lj_gby�DmehgZ��>h�kdhjhkl_c�kdhev`_gby� ∗≤ VV gZijy`_gb_�k^\b]Z

gZ�dhglZdlZo�fh`_l�[ulv�ij_^klZ\e_gh� \� \b^_� ebg_cghc� aZ\bkbfhklb� hl

kdhjhklb

τ = k V1

>ey� ]hjguo� ihjh^� k1 ��� _keb� τ � baf_jylv� \� d]�kf2
�� Z� V � \� kf�]h^�� Beb

k1=3·1013
�^bgÂk�kf

3.

DZd� ke_^m_l� ba� wlhc�nhjfmeu� gZjmr_gby� kiehrghklb� \�fZl_jbZe_

ih]jZgkehy�gZqbgZxlky�m`_�ijb�τ� ���d]�kf2.
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?keb� bkihevah\Zlv� wlm� ebg_cgmx� aZ\bkbfhklv� aZ� ij_^_eZfb� __

ijbf_gbfhklb�� hp_gb\Zy� kdhjhklb�� ijb� dhlhjuo� τ� [m^_l� khbaf_jbfh� k

h[uqghc�ijhqghklvx�]hjguo�ihjh^��lh�ihemqbf��qlh�V ≈��f�]h^�

Wlm� \_ebqbgm�fh`gh� jZkkfZljb\Zlv� dZd� gb`gxx� ]jZgbpm� h[eZklb

ijbf_gbfhklb�nhjfmeu�^ey�dmehgh\kdh]h�lj_gby�

��� MjZ\g_gb_� ^\b`_gby� ^ey� f_^e_ggh� kiheaZxs_]h� kehy� ih

gZdehgghc�iehkdhklb�

MjZ\g_gb_� ^\b`_gby� mijm]h]h� ly`_eh]h� kehy� gZ� gZdehgghc

iehkdhklb��H[hagZqbf�m]he�gZdehgZ�iehkdhklb�d�]hjbahglm�q_j_a α��Z�hkv�x

gZijZ\bf� \^hev� kdehgZ�� DZ`^uc� we_f_gl� kehy� dxlhesbghc� δ � b

iehlghklvx�ρ�[m^_l�bkiulu\Zlv�gZ�k_[_�^_ckl\b_�kbeu�ly`_klb��h^gZ�ba

khklZ\eyxs_c�dhlhjhc�ijb`bfZ_l�kehc�d�iehkdhklb��Z�^jm]Zy�k^\b]Z_l�_]h

ih� kdehgm�� GZ� iehsZ^b� dhglZdlh\� kehy� k� iehkdhklvx� ijb� kdhev`_gbb

\hagbdZ_l� kbeZ� khijhlb\e_gby�� dhlhjZy� ijhihjpbhgZevgZ� kdhjhklb

^\b`_gby�

K`Zlb_� b� jZkly`_gb_� kehy� ijb� kdhev`_gbb� ih� kdehgm� \uau\Z_l

mijm]b_�gZijy`_gby��lZd�qlh�gZ�dZ`^uc�we_f_gl�[m^_l�^_ckl\h\Zlv�kbeZ�

ijhihjpbhgZevgZy�lhesbg_�kehy�b�]jZ^b_glm�gZijy`_gbc��Kbehc�bg_jpbb

ijb�kdhev`_gbb�fh`gh�ij_g_[j_qv�

JZ\gh\_kb_� \k_o� ^_ckl\mxsbo� kbe� ijb� kdhev`_gbb� kehy� ^Z_lky

mjZ\g_gb_f�

−=αδρ Sing δ
x∂

∂σ + τV ����]^_�� ∗= σαδρ /Cosgs ,   V  =
t

u

∂
∂ ;   

x

u
E

∂
∂=σ

Ihke_� ih^klZgh\db� \� mjZ\g_gb_� ,s  σ , V � b� khdjZs_gby� � h[sbo

fgh`bl_e_c�ihemqbf�

ρ α ∂
∂

ρ α
σ

gSin E
u

x

gCos= − +
∗

2

2
k1

∂
∂
u

t
.
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<\_^_f�\kihfh]Zl_evgmx�nmgdpbx� ctuv −= �b�\u[_j_f� c �lZd��qlh[u

\�mjZ\g_gbb�e_\Zy�qZklv�jZ\gyeZkv�gmex�

ρ α
σ

∂ν
∂

∂ ν
∂

gCos
k

t
E

x∗ − =1

2

2
0 ��������ijb�wlhf��������c

Sin

Cos k
=

∗α
α

σ
1

Ihke_�ij_h[jZah\Zgby�ihemqbf�

�
�

�

�

�
=

∂
∂−

∂
∂

[

Y

W

Y

D
, ]^_���a

E

gk Cos
2

1

=
∗σ

ρ α

J_r_gb_� wlh]h� mjZ\g_gby� ih^jh[gh� bkke_^h\Zehkv� \� aZ^ZqZo� ih

l_iehijh\h^ghklb��]^_�nmgdpby� ),( txv �ij_^klZ\eyeZ�l_fi_jZlmjm�l_eZ��Wlh

h[klhyl_evkl\h� fh`_l� ihfhqv� ijb� dZq_kl\_gghf� ZgZeba_� aZ^Zq� h

kdhev`_gbb�ly`_eh]h�mijm]h]h�l_eZ�ih�kdehgm��Kf_s_gb_�ih�kdehgm� ),( txu

gZoh^blky� ijhkluf� ^h[Z\e_gb_f� d� \kihfh]Zl_evghc� nmgdpbb� ),( txv

keZ]Z_fh]h��ct :

),( txu  = ),( txv  + ct

KZfZ�`_�\kihfh]Zl_evgZy�nmgdpby� ),( txv �ij_^klZ\ey_l� kh[hc�hldehg_gb_

kf_s_gby�\�^Zgghc�lhqd_�hl�lh]h�kf_s_gby��dhlhjh_�[ueh�[u�\�hlkmlkl\b_

gZijy`_gbc�\�keh_�

?keb�gZ�]jZgbp_�x = ��aZ^Zgh�ijhkl_cr__�mkeh\b_� µ=),0( tv �^ey� t > 0t ,

lh�j_r_gb_�mjZ\g_gby�
�

�

�

[

Y
D

W

Y

∂
∂=

∂
∂

ijbf_l�\b^��bgl_]jZe�hrb[hd��

ν
π

µ ββ

β

( , )x t e d= −
∞

∫2 2

, ]^_��β =
−

x

a t t2 2
0( )

AgZq_gby� bgl_]jZeZ� hrb[hd� hl� Zj]mf_glZ� β � ijb\_^_gu� \

kijZ\hqgbdZo�

��� Ijb[eb`_ggh_� j_r_gb_� aZ^Zqb� h� gZijy`_gghf� khklhygbb

\[ebab�ij_iylkl\by�
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HibjZykv� gZ� ijb\_^_ggh_� \ur_� j_r_gb_�� fh`gh� ihkljhblv

ijb[eb`_ggh_� j_r_gb_� ^ey� kemqZy�� dh]^Z� ]jZgbqgh_� mkeh\b_� ijb

t > 0t bf__l�\b^� )(),0( 0tttv −= ω .

JZa^_ebf�\j_fy�^_ckl\by�]jZgbqgh]h�mkeh\by�gZ�jZ\gu_�bgl_j\Zeu

QWWW
L
��� −=∆ � b� h[hagZqbf� ]jZgbpu� bgl_j\ZeZ� it �� ]^_� 1...2,1,0 −= ni �� ;m^_f

kqblZlv�� qlh� \gmljb� dZ`^h]h� bgl_j\ZeZ� nmgdpby� hklZ_lky� ihklhygghc�

\hajZklZy�kdZqdhf�gZ�]jZgbp_� it .

),0( 0ttv − = ∑
−

=

−
1

0

)(
n

i
itt

n

ω

WlZ�klmi_gqZlZy�nmgdpby�aZf_gy_l� )(),0( 00 ttttv −=− ω �L_i_jv�j_r_gb_

mjZ\g_gby�k�wlbf�]jZgbqguf�mkeh\b_f�fh`gh�ij_^klZ\blv�dZd�kmffm�

ν
π

ω ββ

β

( , ) ( )x t
n

t t e di
i

n

= − −
∞

=

−

∫∑2 2

0

1

.

Hij_^_ebf�� dZd� baf_gy_lky� � kh� \j_f_g_f�
x

v

∂
∂
� \[ebab� 0=x ,

]^_ eβ2

1= .

���

�
��

�
�

�

�
L

Q

L

L

WWD

WW
Q[

Y

−
−=

∂
∂ ∑

−

=

ω
π

Ih^klZ\eyy� ���
LQ

Q

WW
WW
L

−
−

=− � b� khhl\_lkl\mxsbf� h[jZahf� ij_h[jZamy�

ihemqZ_f�

∑
−

=

−−
=

∂
∂ �

�

�

Q

L
Q

LQ

QD

WW

[

Y

π
ω

DZd�\b^gh��ijhba\h^gZy�
x

v

∂
∂
�\[ebab�]jZgbpu�jZkl_l∼ t .

H[sbf� k\hckl\hf� j_r_gbc�� hibku\Z_fuo� k� ihfhsvx� bgl_]jZeZ

hrb[hd�� y\ey_lky� g_ij_ju\gZy� ljZgknhjfZpby� )(xv � kh� \j_f_g_f�� l�d�

nbdkbjh\Zggh_�agZq_gb_� ν β( )∗ �[m^_l�i_j_f_sZlvky�\�ijhkljZgkl\_
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x=β∗  2 )( 0
2 tta − .

Hlkx^Z� ke_^m_l�� qlh� \� j_r_gbyo� k� ]jZgbqgufb� mkeh\byfb

fZdkbfZevgu_�agZq_gby�ijhba\h^guo��
[

Y

∂
∂
��[m^ml�\[ebab�]jZgbp�

JZkkfhljbf� l_i_jv� bkoh^gmx� nmgdpbx� cttxvtxu += ),(),( �� <

hlkmlkl\b_�\hafmsZxs_]h�^_ckl\by�]jZgbqgh]h�mkeh\by�nmgdpby� ),( txv ≡ 0

b� kf_s_gb_� ih� \k_fm� kdehgm� ijhbkoh^bl� k� ihklhygghc� c
t

u =
∂
∂

�� LZdbf

h[jZahf�� ),( txv �ij_^klZ\ey_l�kh[hc�hlebqb_�kf_s_gbc�\�keh_�ih�kdehgm�\h

\j_f_gb�� h[mkeh\e_ggh_� g_gme_\ufb� ]jZgbqgufb� b� gZqZevgufb

mkeh\byfb�

<� wlhf� kemqZ_�� dh]^Z� µ=),0( tv �� ^ey� t > 0t  ������
�
WWFWX −+= µ �� Wlh

agZqbl��qlh�k_q_gb_� x ��kf_s_gh�gZ�\_ebqbgm� µ �aZ�kq_l� k`Zlby�fZeh]h

ih�ijhly`_gghklb� )( xδ �mijm]h]h�h[t_fZ��Kh�\j_f_g_f�mijm]b_�gZijy`_gby

mf_gvrZxlky��Z�\hafms_gb_� ),( txv �jZkijhkljZgblky�ih�\k_fm�kehx�

<�^Zgghf�j_r_gbb� ),( txv �baf_gy_lky�lhqgh�lZd�`_��dZd�l_fi_jZlmjZ�\

oheh^ghf�f_lZeebq_kdhf�kl_j`g_�ijb�ih^^_j`Zgbb�gZ�lhjp_�ihklhygghc

l_fi_jZlmju��J_r_gb_�mjZ\g_gby�k�]jZgbqguf�mkeh\b_f�� )(),0( 0tttv −= ω

=),0( tu )()( 00 ttctt −+−ω

hij_^_ey_l� � \hafms_ggh_� ^\b`_gb_� kehy� ih� kdehgm�� h[mkeh\e_ggh_

baf_g_gb_f�kdhjhklb�kdhev`_gby�gZ�]jZgbp_� x ���?keb�� c−=ω �kf_s_gb_

kehy�\�k_q_gbb� x ��hklZgh\e_gh�\�fhf_gl�W W0.

DZd� [ueh� ihdZaZgh�� m� ]jZgbpu� kh� \j_f_g_f� gZjZklZ_l� ^_nhjfZpby

x

u

x

v

∂
∂=

∂
∂

�b�gZijy`_gb_�
x

u
E

∂
∂=σ .

GZjZklZgb_� gZijy`_gby� [m^_l� ijhbkoh^blv� ^h� l_o� ihj�� ihdZ� g_

ij_djZlblky�kdhev`_gb_�ih�\k_c�^ebg_��?keb�aZdj_ie_gZ�\_jogyy�]jZgbpZ
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kehy��hdheh�g__�\hagbdgml�jZkly]b\Zxsb_�gZijy`_gby��dhlhju_�ijb\_^ml

d� jZaju\m� kehy��?keb� aZdj_ie_g� kehc� m�ih^hr\u� kdehgZ�� lh� k`bfZxsb_

gZijy`_gby� gZ� [hevrhc� ^ebg_�fh]ml� ijb\_klb� d� ihl_j_� mklhcqb\hklb� b

\hagbdgml�gZ^\b]b��qlh�jZ\ghkbevgh�_]h�jZajmr_gbx�

Ijh\_^_f�^ey�hjb_glbjh\db�ZgZeba�kblmZpbb�gZ�klZ^bb�f_^e_ggh]h

^\b`_gby� bkihevamy� ba\_klgu_� qbke_ggu_� agZq_gby� k� b� 2a �� ?keb� kehc

ij_^klZ\e_g�]hjghc�ihjh^hc�ρ=2�]�kf3
��? ��

5
�d]�kf

2; σ∗=100�d]�kf2
�b�kdehg

[ebahd� d� m]em� _kl_kl\_ggh]h� hldhkZ�� lh� \uqbke_ggu_� ih� ijb\_^_gguf

\ur_�nhjfmeZf�agZq_gby�[m^ml�jZ\gu��k≅1,5 10-6�kf�k�b� =2a ����kf
2
�k�

<�lZdhf�keh_�baf_g_gb_�gZijy`_ggh]h�khklhygby�gZ�kdehg_�^ebghc

∼�df�fh`_l�ijhbahclb�aZ�\j_fy� t∗ ��khklZ\eyxs__�ih�ihjy^dm�\_ebqbgu��

t
x

a∗ = =
2

2
1010 /150≅ 6 107

�k�≅�]h^Z�

���AZdexq_gb_�

Ij_^klZ\e_ggZy� fh^_ev� kdhev`_gby� kehy� ih� kdehgm�� Z� lZd`_

mjZ\g_gb_� ^\b`_gby� wlh]h� kehy� iha\hey_l� ih�gh\hfm� \a]eygmlv� gZ

ijh[e_fm� j_]mebjh\Zgby� kdehgh\uo� ijhp_kkh\�� Ij_^klZ\ey_lky� \Z`guf

khkj_^hlhqblv� \gbfZgb_� gZ� bamq_gb_� ^bgZfbdb� f_^e_gguo� ^\b`_gbc� \

i_jbh^�kdjulhc�ih^]hlh\db�jZajmrbl_evguo�ijhp_kkh\�

Ebl_jZlmjZ

1.KZ^h\kdbc�F�:���Jh^bhgh\�<�G���Kbah\�B�:��Djbl_jbb�ih^h[by�b

^_abgl_]jZpbb�f_^e_ggh�^_nhjfbjm_fuo�l\_j^uo�l_e��>:G�������

l������������K����������
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:\lhjkdbc�dhff_glZjbc�

>bgZfbdZ�f_^e_ggh]h� hiheagy�ijbf_j� mq_lZ�f_^e_ggh]h� ^\b`_gby

ijb� jZkkfhlj_gbb� aZ^Zqb� h[� mklhcqb\hklb� kdehgZ�� HldZa� hl

klZlbq_kdh]h�jZ\gh\_kby�ijbgpbibZevgh�\Z`_g�

GZihfgbf� hkgh\gu_� iheh`_gby� ]_hf_oZgbdb�� ljZdlmxsb_

aZ\bkbfhklv� f_oZgbq_kdbo� k\hckl\� l\_j^uo� l_e� hl� kZfh]h

^_nhjfZpbhggh]h� ijhp_kkZ�� Ijbkmlkl\b_� \� kiehrghc� kj_^_

g_h^ghjh^ghkl_c�� gZ� dhlhjuo� j_eZdkbjmxl� gZijy`_gby� k^\b]Z�

ijb\h^bl�d�aZ\bkbfhklb�f_oZgbq_kdbo�k\hckl\�hl�kdhjhklb�^_nhjfZpbb�

Ih^h[b_� ih\_^_gby� ^\mo� l_e�� hlebqZxsboky� lhevdh� jZaf_jhf�

^hklb]Z_lky� ebrv� lh]^Z�� dh]^Z� � kdhjhklb� bo� ^_nhjfbjh\Zgby� [m^ml

h[jZlgh� ijhihjpbhgZevgu� bo� jZaf_jZf�� DZd� ke_^kl\b_� hlkx^Z

\ul_dZ_l�� qlh� djbl_jbc� ^_abgl_]jZpbb� l\_j^h]h� l_eZ� \ujZ`Z_lky

\_ebqbghc�kdhjhklb�kf_s_gby�]jZgbp�l_eZ��g_aZ\bkbfh�hl�_]h�jZaf_jh\�

Bamq_gb_�ijbjh^guo�l_e�\�a_fghc�dhj_�ihdZaZeh��qlh�hgb�aZk_e_gu

g_h^ghjh^ghklyfb�jZagh]h�jZaf_jZ��L) b�qbkeh�bo��N)�\�_^bgbqghf�h[t_f_
ih^qbgy_lky�aZdhgm�

L dN

d L
Const

3

ln
= ,

l�_��kmffZjguc�h[t_f�g_h^ghjh^ghkl_c�dZ`^h]h�jZaf_jZ� �baf_jy_fuo \
eh]Zjbnfbq_kdhf�fZkrlZ[_��h^bgZdh\�

<� dZ`^hf� dhgdj_lghf� ^_nhjfZpbhgghf� ijhp_kk_� Zdlb\gmx� jhev

b]jZ_l� ebrv� g_[hevrZy� qZklv� g_h^ghjh^ghkl_c�� jZaf_j� dhlhjuo

hl[bjZ_l� kdhjhklv� ijhp_kkZ�� WlZ� \aZbfhk\yav� k\hckl\� b� kdhjhklb

ijhp_kkZ�hklZ\ey_l� k\h[h^m� \u[hjZ� kljmdlmjguo�nhjf�^ey�hl^_evgh]h

ijbjh^gh]h� h[t_dlZ�� LZdb_� h[t_dlu� fh]ml� g_h]jZgbq_ggh

^_nhjfbjh\Zlvky� [_a� ihl_jb� kiehrghklb� beb� nhjfbjh\Zlv� [ehqgmx

kljmdlmjm�b_jZjobq_kdh]h�kljh_gby�

<� wlhf� dhff_glZjbb� Z\lhju� ihiulZebkv� ihykgblv� agZqbfhklv

gh\hc�dhgp_ipbb�^ey�_kl_kl\hagZgby�


